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of dynamic data driven simulations for other areas. Our primary application is
contaminant tracking, which in groundwater reservoirs is modeled by strongly
coupled systems of convection-reaction-di�usion equations. The solution pro-
cess of such systems becomes more complicated when modeling remediation and
clean-up technologies since they exhibit strong nonlinearities and local behavior.
Many of these applications are essentially computer models that solve nonlin-
ear, unsteady, coupled, partial di�erential equations. All require consistent initial
conditions, adequate forcing �elds, and boundary conditions to advance the so-
lution in time. Collectively these �elds represent the input data necessary to run
the models. The input data can originate from observations, e.g., sensor based
telemetry, can be internally generated from ensemble type simulations, or can be
externally generated (e.g., providing boundary conditions for very high resolu-
tion regional models). The skill of these models to adequately represent realistic
conditions is intimately tied to the quality, spatial and temporal coverage, and
intelligent use of their input data sets. These applications in turn generate large
amounts of output data that must be either analyzed or passed on to other more
specialized subcomponents.

The update is performed based on the sensor measurements, which streamed
from few spatial locations. As data is injected, we propose to update (1) the so-
lution (2) the initial condition. We have also considered the update of the media
properties, but this will not be discussed in this paper. Because of the hetero-
geneities of the porous media, we employ multiscale interpolation technique for
updating the solution. This is done in the context of general nonlinear parabolic
operators that include subsurface processes. The main idea of this interpolation
is that we do not alter the heterogeneities of the random �eld that drives the con-
taminant. Rather based on the sensor data we rescale the solution in a manner
that it preserves the heterogeneities. This rescaling uses the solution of the local
problems. We compare the numerical results for simulations that employ both
updating the data at sensor location and the simulations that do not update
the locations. The simulation results that do not use the update or use it less
frequently produces large errors. This was observed in our numerical studies.

The errors in the simulations will persist if one does not change the input
parameters. As new data are obtained from sensors measurements, the initial
data needs to be updated. This update reduces the computational errors associ-
ated with incorrect initial data and improves the predictions. In this paper, we
consider linear subsurface �ows involving convection and di�usion. Initial data
is sought in a �nite dimensional space. Using the �rst set of measurements, the
approximation of the initial data is recovered. As new data are incorporated
into the simulator, we update the initial data using an objective function. We
note that the formulated problem is ill-posed. Two facts can be attributed to
this ill-posedness. First, the data gathered from the sensor measurements always
contain some defects that come from factors such as human errors and inher-
ent factory errors of the sensors. Secondly, the number of sensors that can be
installed are limited, and in general are much fewer than the �nite dimensional
space describing the initial data. For the latter, we can regularize the problem by
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using the prior information about the initial data. This prior information is the
updated initial data. The penalization constants depend on time of update and
can be associated with the relative di�erence between simulated and measured
values. Numerical examples are presented in the paper showing the improvement
of the predictions as new data is taken into account.

2 Backward Error Analysis and Initial Data Recovery

As new data is injected from sensor measurements, �the initial data� can be
updated. Here, by initial data we mean contaminant distribution at some early
time. Due to poor knowledge of the initial location of contaminant, this type of
errors can be dominant in simulations. We consider a linear transport dominated
by convection and di�usion

∂C

∂t
+ v · ∇C −∇ · (D∇C) = 0 inΩ, (1)

where by Darcy�s Law, we have v = −k∇p, with the pressure p satis�es

−∇ · (k∇p) = 0 (2)

with some prescribed boundary conditions and initial condition/data C(x, 0) =
C0(x). Here the variable C(x, t) is designated for a contaminant concentration
over the porous medium Ω and at time level t, k is the permeability of the porous
medium, and D is the di�usion coe�cient.

We seek the initial data in a �nite dimensional space. The dimension of this
space is an important factor in our simulations. The problem becomes more ill-
posed if this dimension increases. In general, one can reduce this dimension using
multiscale representation of the initial data (note that initial data represents the
solution at early times, not necessarily at time zero). As new data are incorpo-
rated into the simulator, we update the initial data using an objective function.
Before we formulate the objective function, we note that the formulated prob-
lem is ill-posed. Two facts can be attributed to this ill-posedness. First, the data
gathered from the sensor measurements always contain some defects that come
from factors such as human errors and inherent factory errors of the sensors.
Secondly, the number of sensors that can be installed are limited, and in general
are much fewer than the �nite dimensional space describing the initial data. For
the latter, we can regularize the problem by using the prior information about
the initial data. This prior information is the updated initial data. The penaliza-
tion constants depend on time of update and can be associated with the relative
di�erence between simulated and measured values.

To formulate the objective function we introduce some notations. Let Ns

be the number of sensors installed in various points in the porous medium and
{xj}Ns

j=1 denote such points. Let Nt be the number of how many times the con-
centration is measured in time and {tk}Nt

k=1 denote such time levels. Furthermore,
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γj(tk) denotes the measured concentration at sensor located in xj and at time
tk. We seek initial data in a �nite dimensional space spanned by �C0

i (x),

�C0(x) =
Nc∑

i=1

αi
�C0

i (x), (3)

for some α = (α1, α2, · · · , αNc
). Furthermore, let �Ci(x, t) be the solution of (1)

using an initial condition �C0
i (x). Then by superposition principle, the solution

of (1) using �C0(x) in (3) as an initial condition has the following form:

�C(x, t) =
Nc∑

i=1

αi
�Ci(x, t). (4)

The objective function which can be formulated in terms of α, quanti�es the
di�erence between the measured concentration and the simulated concentration,
�C(x, t). In general the number of the sensors are less than the dimension of
the space for initial data. Hence, an attempt to minimize an objective function
that only contains the di�erence between measurements and simulations will
lead to an ill-posed problem. To regularize the problem, we add a penalty term
that contains the prior information related to the initial data, and consider the
following objective function

F (α) =
Ns∑

j=1

(
Nc∑

i=1

αi
�Ci(xj , t) − γj(t)

)2

+
Nc∑

i=1

κi (αi − βi)
2
. (5)

Here κ = (κ1, κ2, · · · , κNc
) is the penalty coe�cients for an a priori vector β =

(β1, β2, · · · , βNc
). This prior information will be updated during the simulation

to achieve higher accuracy.
Next we present a representative numerical example. More numerical and

theoretical studies have been performed and the results will be reported else-
where. We use Ω = [0, 1] × [0, 1]. The boundary conditions in the subsurface
�ow for the pressure equation (2) are given pressure at the inlet and outlet
edges (i.e., x = 0 and x = 1, respectively), and no �ow at the bottom and top
edges (i.e., z = 0 and z = 1, respectively). The permeability k is generated with
given correlation length lx = 0.25 and lz = 0.02, with a spherical variogram
using GSLIB algorithms [2]. For the convection-di�usion equation (1), we set
the di�usion coe�cient D = 0.1 over all domain. We assume zero concentration
at the inlet, bottom, and top edges, and a zero di�usion, i.e., (D∇C) · n = 0,
at the outlet edge, with n being the unit normal vector pointing outward on
the outlet edge. The initial condition C0(x, z) is set to be nonzero in the region
(0.2, 0.4) × (0.2, 0.4) and zero elsewhere.

Both pressure and convection-di�usion equations are solved by the �nite vol-
ume method using rectangular grids. We discretize the domain into 100 × 100
elements, i.e., 100 elements in each direction. The sensors information are ob-
tained from the concentration solved with the given �true� initial condition. We
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Fig. 1. Left: The initial condition pro“le - Right: Concentration at t=0.4 ((x) indicates
the sensor location)

use time step ∆t = 0.01. For the example presented in this paper we use initial
condition shown on the right side of Figure 1.

The data from measurement are taken from multiple set of numerical simula-
tions with the initial condition mentioned earlier. The measurement is assumed
to be conducted at time level t1 = 0.1, t2 = 0.2, t3 = 0.3, and t4 = 0.4. A num-
ber of sensors are installed at various locations in the porous medium. Figure 1
shows the concentration pro�le at t = 0.4 along with the sensor locations which
are denoted by (x) indicator.

We have performed numerical tests by only updating β as well as updating
β and κ. In all cases, we observed signi�cant improvement as the initial data
is updated. Here we present only the case of both β and κ are updated. In
particular, κ is increased during the simulations to re�ect the fact that the
updated initial condition is a better representation of the true initial condition.
In general, one can change κ in various ways. In our examples, we update κi

by increasing 10 times after each update. Figure 2 shows the updated initial
condition with both β and κ updated for the case of larger support. The prior
for κ is κ0

i = 2 × 10Š 12 for all i, and when updated it is multiplied by ten. The
�gure shows signi�cant improvement on the predicted initial condition.

As mentioned earlier, sensor measurements contain errors and uncertainties.
In our numerical simulations, we can take into account these uncertainties by
sampling the sensor data from the known distribution. As a result, one obtains
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Fig. 2. Updated initial condition: t = 0 .1 (left), t = 0 .3 (middle), t = 0 .4 (right) - Both
β and κ are updated
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various realizations of the initial data. In our subsequent work [4], we employ the
least squares approach in developing Bayesian methods for nonlinear problems.
To quantify uncertainties in the measurements and a priori knowledge about
the initial data, the Markov Chain Monte Carlo method (MCMC) can be used.
Because this method is expensive due to rejection of the proposals, we propose
an approach that combines the least squares method with Bayesian approaches
that will give high acceptance rates.

3 Multiscale Interpolation Techniques

Our goal in this section is to discuss the mapping of the sensor data to the �nite
dimensional space where the solution is calculated. This procedure is nontrivial
in general, because the solution space usually has high dimension, while the
sensors are located only at few locations. Our simpli�ed approach presented in
this paper consists of passing the sensor data to the simulations and its use for
the next time step simulations. Since the sensor data represents the solution
only at few coarse locations one has to modify the solution conditioned to this
data. This step we call multiscale interpolation which consists of mapping the
sensor data to the solution space. At each time step the sensor data is received
by the simulator. There are two options to handle the data. We can treat it as
hard data or as soft data. The latter means that the data contains some noise
and not needed to be imposed exactly. In this paper the �rst approach, �hard
constraint�, will be considered. At the beginning of each time step we need to
map the sensor data to the solution space. This is performed using DDDAS
mapping operator, the main feature of which is not to alter the heterogeneous
�eld.

The proposed mapping for the sensor data is general and applicable to various
classes of equations. To demonstrate this we consider general nonlinear parabolic
equations

∂

∂t
u� = ∇ · (a�(x, t, u�,∇u�)) + a0,�(x, t, u�,∇u�), in Ω × [0, T ], (6)

where ε indicates the presence of the small scales heterogeneities. This equation
includes various physical process that occur in subsurfaces. In the next section
numerical examples for particular cases of (6) will be discussed. Assume the
domain is divided into the coarse grid such that the sensor points are the nodal
points of the coarse grid. Note that we do not require all nodal points to be
sensor locations. Further denote by Sh the space of piecewise linear functions on
this partition,

Sh = {vh ∈ C0(Ω) : the restriction vh is linear for each triangle K ∈ Πh}.

Our objective now is to map the function de�ned on Sh to the �ne grid that rep-
resents the heterogeneities. This grid is obtained from apriori information about
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the �eld using geostatistical packages. Denote by the operator E the mapping
from the coarse dimensional space into the �ne grid,

E : Sh → V h
� ,

which is constructed as follows. For each element in uh ∈ Sh at a given time tn

we construct space time function u�,h(x, t) in K × [tn, tn+1] such that it satis�es

∂

∂t
u�,h(x, t) = ∇ · (a�(x, t, η,∇u�,h)) (7)

in each coarse element K, where η is the average of uh. u�,h(x, t) is calculated
by solving (7) on the �ne grid, and thus it is a �ne scale function. To complete
the construction of E we need to set boundary and initial conditions for (7).
One can set di�erent boundary and initial conditions and this will give rise to
di�erent maps. In our numerical simulations we will take the boundary and
initial condition for the local problems to be linear with prescribed nodal values.
These values are obtained from the sensor data, if available. If the sensor data is
not available at some location we use the values obtained from the simulations.
Di�erent local boundary conditions can be also imposed and will be discussed
later. Mathematical aspects of this interpolation operator, such as convergence
and etc, are described in [5].

Once the solution at time t = tn is computed its values with sensor data at
the sensor locations are compared. After changing the values of the solution we
interpolate it to the �ne grid and use it for the next time step. At the last step
we use multiscale approach which is computationally e�cient. In particular, the
solution at the next time step is calculated based on
∫

Ω

(uh(x, tn+1) − uh(x, tn))vhdx +
∑

K

∫ tn+1

tn

∫

K

((a�(x, t, η,∇u�,h),∇vh)+

a0,�(x, t, η,∇u�,h)vh)dxdt =
∫ tn+1

tn

∫

Ω

fdxdt.

(8)

Here Ω refers to the spatial domain and K are the coarse elements. We would
like to note that our approach has limitations and it is not applicable when there
are large deviations between sensor data and the solution.

We now present a representative numerical example that demonstrates the
accuracy and limitations of our proposed method. The detailed numerical stud-
ies will be reported elsewhere. The systems we consider are intended to represent
cross sections (in x − z) of the subsurface. The �ne-scale permeability �eld is
generated on 121 × 121 grid using GSLIB algorithms [2] with an exponential
covariance model. We consider ∂

∂tu = ∇ · (a�(x)∇u), where the original �true�
di�usion coe�cient a�(x) = exp(α�(x)), where α�(x) is a realization of the ran-
dom �eld with correlation lengths lx = 0.3, lz = 0.02 and variance σ = 0.75.
For the simulation purposes we consider the di�usion coe�cients to be the same
realization of the random �eld but with σ = 1.5. Thus we assume that the het-
erogeneities have the same nature and the only di�erence between the true �eld
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Fig. 3. Comparisons of the average solutions acrossx and z directions: Solid line des-
ignates the true solution, dotted line designates the solution obtained using our simu-
lations with 4 updates, and the dashed line designates the solution that has not been
updated

and the one used in the computations is associated with the scaling. Objective of
this numerical results is to demonstrate how frequency of updating sensor data
in the simulations improves the accuracy of the method. In this example the
sensor data is used four times during simulations, i.e., the frequency of updating
is 4. In Figure 3 we plot the average of the solutions. Solid line designates the �ne
scale (true) simulation results, while dotted line represents the results obtained
using our methodology with 4 updating. The dashed line represents the simu-
lation results with no updating. As we see from this �gure the simulation with
data updating performs better compare to that with no updating. The l2 error
between the true solution and the one corresponding with 4 updating is about 6
percent, while l2 error corresponding with no updating is almost 9 percent. Sim-
ulations with more frequent update indicate that the frequent updating improve
the accuracy of the predictions and thus important for DDDAS. This is also
observed in various numerical examples for both linear and nonlinear equations
which we have tested (see [3]).
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